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Abstract
Within recent Maldacena’s proposal to relate gauge theories in the large N
limit to the supergravity in the AdS background and recipe for calculation the
Wilson loop, we compute corrections to the energy of quark/anti-quark pair in
the large N limit.
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Recently, Maldacena has put forward a remarkable proposal [1] relating the gauge
theories in the large N limit to the supergravity in the anti-de Sitter background times
some compact manifold. This conjecture was further studied in a large number of pa-
pers [2]-[44] appeared lately. A precise recipe for computing CFT observables in terms
of AdS space was suggested in [9, 11]. It was proposed that the correlation functions
in CFT are given by the dependence of the supergravity action on the asymptotic
behavior at the boundary.
In [16],[17] it was suggested that in order to compute the vacuum expectation value
of the Wilson loop operator
W (C) = 1
N
TrP exp i
∫
C
Aµdx
µ, (1)
one has to consider a string theory partition function on a certain background with the
worldsheet of the string ending on the contour on the boundary of AdS. In particular,
it was shown that the energy of the quark-antiquark pair for 4d N = 4 SYM exhibits
a Coulomb like behavior.
In this note we will consider corrections to the energy of the quark/anti-quark pair.
As we know in QCD the leading term in the 1/N expansion describes the spectrum of
free mesons and the first 1/N corrections describe the interaction of mesons [45].
The main example of [1] is the consideration of 4d N = 4 SYM which is conjectually
dual to IIB superstring in the AdS5×S5 background. Let us start with the supergravity
solution describing N parallel D3-branes in IIB theory:
ds2 = f−1/2(dt2 + dx2
1
+ dx2
2
+ dx2
3
) + f 1/2(dr2 + r2dΩ2), (2)
where
f = 1 +
4pigNα′2
r4
. (3)
If one defines the new variable U = r
α′
and takes α′ → 0 limit, keeping U fixed, then
neglecting 1 in the harmonic function, (2) describes AdS5 × S5 [1]. Let us take into
account the first 1/N corrections to this, then the near anti-de Sitter metric can be
written as follows
ds2 = α′[
U2
R2
(1− α
′2U4
2R4
)(dt2 + dx2
1
+ dx2
2
+ dx2
3
) +R2(1 +
α′2U4
2R4
)(
dU2
U2
+ dΩ2
5
)], (4)
where R = (4pigN)1/4 corresponds to the radius of the AdS5 and g ∼ g2YM .
The proposal for computation the vacuum expectation values of the Wilson loop
operators (1) made in [17] is that
< W (C) >∼ exp(−S) (5)
where S is the area of a string worldsheet which at the boundary of AdS describes the
loop C, from which one has to subtract the contribution of the mass of the W-boson,
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so that it is finite. It was shown that the energy of quark and anti-quark pair is inverse
proportional to the distance between them. In the case of finite temperature one has
to consider the near-extremal solution, which was discussed in [35]-[37].
Let us calculate the energy of the quark/anti-quark pair taking into account the
α′2 corrections, corresponding to the rectangular Wilson loop L × T , where L is the
distance between quark and antiquark and T is large. We as in [17] have to start with
the ordinary Nambu-Goto action for the string
S =
1
4piα′
∫
dtdσ
√
det(GMN∂αXM∂βXN), (6)
where GMN is the background (4). Under the embedding
X1 = t, X2 = x, X5 = U(x), (7)
the action takes the form:
S =
T
2pi
∫
dx
√
(∂xU)2 +
U4
R4
(1− α′2U
4
R4
). (8)
Assumption that the correction
α′2
U4
R4
<< 1 (9)
is small will lead us to a cutoff, U << Umax. The first integral for such an action is
U4
R4
(1− α′2 U4
R4
)√
(∂xU)2 +
U4
R4
− α′2U8
R8
=
U2
0
R2
√
1− α′2U
4
0
R4
, (10)
where U0 is the minimum value of U . Now as in [17] we first have to determine the
dependence of U0 from L and then calculate E(L). From (10) we get
LU0
2R2
=
√
1− λ4
∫ ν/λ
1
dy
y2
√
(1− λ4y4)(y4 − 1)(1− λ4(y4 + 1))
, (11)
where
λ =
√
α′U0/R. (12)
and ν is a number defined by the cut-off Umax. One has here a natural cutoff Umax =
R/
√
α′ − U0 ≈ R/
√
α′, or ν < 1 − λ4/4. which comes from the requirement that the
expression under the square root is positive.
The dependence E(U0) derived from (8) is
E(U0) =
U0
2pi
∫ ν/λ
1
y2
√
1− λ4y4dy√
(y4 − 1)(1− λ4(y4 + 1))
. (13)
For small λ from (11) we get
LU0
R2
= 2A+ λ4C, (14)
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where
A =
∫
∞
1
dy
y2
√
y4 − 1 =
√
2pi3/2
Γ(1/4)2
, (15)
and C is a constant, which could be determined by analyzing the asymptotic behavior
of the elliptic integrals.
Performing the renormalization in the expression for the energy as in [17] and noting
that the expression (13) includes the cutoff we get
E(U0) = U0(c0 + λ
4c1) (16)
where c0 and c1 are constants, determined from (13). Therefore we get
E(L) = 2Ac0 · R
2
L
+ (32c1A
5 + 16A4c0) · α
′2R6
L5
. (17)
Let us make a remark conserning the behavior of the string in the exact 3-brane
solution (2). The action (6) takes the form:
S =
T
2pi
∫
dx
√
(∂xU)2 + V (U) (18)
where
V (U) =
U4
R4 + α′2U4
. (19)
The distance quark/anti-quark and the energy of the configuration are defined by
relations
L
2
=
√
V (U0)
∫ Umax
U0
dU√
V (U) · (V (U)− V (U0))
, (20)
E =
1
2pi
∫ Umax
U0
√
V (U)dU√
V (U)− V (U0)
. (21)
For potential (19) one has
LU0
R2
= 2A +
2α
′2U4
0
R4
B, (22)
E =
U0
2pi
√
1 +
α′2U40
R4
B, (23)
where
A =
∫ Umax/U0
1
dy
y2
√
y4 − 1 , (24)
B =
∫ Umax/U0
1
y2dy√
y4 − 1 , (25)
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We assume that the constant B is renormalized as in [17]. From (22) and (23) one
gets an expression for the energy for large L:
E =
R2AB
piL
[1 +
α′2R4
L4
8A3(A+ 2B)] (26)
If one assumes that for integrals (24) and (25) an N-dependence cutoff is made so
that
A =
a
R2
, B = bR2, (27)
where a and b are N-independent, then one gets
E =
abR2
piL
[1 +
α′2
L4
(
8a4
R4
+ 8a3b)] (28)
The first and the third terms can be interpreted as an interaction of quarks and the
second term as an interaction between mesons.
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